§1. ANH XA TUYEN TiNH
1.1 PINH NGHIA

Cho F va F' 1a hai khong gian véc to trén cung mot truong K . Mot anh xa

f tir E vao F dwoc goi la tuyén tinh néu né thoa man diéu kién sau:
L : Véimoi u,v € F tacd flu+v) = f(u) + f(v);
L,:Véimoi a € K, voimoi u € F taco: flau) = af(u)

Tu L, tasuyra: voi 0 € E tacd f(0)=0, (0 € F)

That vy: f(u) = f(u +0) = f(u) + f(0) = f(0) = 0.
Ta c6 thé viét gop hai diéu kién L,, L, thanh:

Anh xa f:EF—Fla tuyén tinh < Yv,v, € E,Vay, 0, € K ta co:

flay + aovy) = o f(vy) + s f(v,)
Mot cach tong quét hon, ta co:
Vv, € ENa, € K, fO aw) =Y af(v), i =1,2,...,n.

bicu kién trén noi 1€n rang anh xa tuyén tinh bdo toan t6 hop tuyen tinh cua cac
véc to.

Vidu 1: Cho anh xa f: R?> — R x4c dinh boi
f(x,y) = 3z — 2u; V(z,y) € R2. Hiy ching t6 rang 4nh xa f 1a tuyén tinh.

Lay 2 (,)

( u%e R(7u: ayb

(, )va ta co:

j=% ety 3 o2y 3 o2) () ()
f(u-ijv 7f?+)cb§—d = atc g 62+d: (a)— b+ c¢c— d=fu-+fv

fou =fasab = aa— ab=ao a— b)=af u
Ca hai diéu kién L,, L, déu thoa mén, vdy anh xa f 1a tuyén tinh.

Vi du 2: Xét khong gian P cac da thic c6 bac khong vuot qua n. Cho
anh xa f:P — P xac dinh boi f(v) = v/ (dao ham cia v), voi v € P. Ta thdy

rang 4nh xa f 1a tuyén tinh.
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Véi u,v € Ptaco flu+v) = (u+v) =u + v = flu)+ f(v).
Véi a € R, flau) = (au) = av’ = af(u).

Ca hai diéu kién L,, L, déu thoa mén.
1.2 NHAN VA ANH CUA MQT ANH XA TUYEN TINH

Cho F va F' la hai khong gian véc to trén mot truong K, f 1a mot anh xa
tuyén tinh tir £ vao F.

Pinh nghia 1. Ta goi nhdn ctia 4&nh xa f 1a tap hop céc véc to v cuia F
sao cho f(v) = 0. Taky hi€u nhan cua f 1a ker f.

Nhu vay: ker f = {v,v € E : f(v) = 0}

Tap hop ker f 1a mdt khong gian con cia E. That vay, tap ker f khong
rong vi it nhat né ciing chira phan tir khong f(0) = 0; hon nita néu u,v € ker f,
tac 1a f(u) = 0, f(v) = 0, do f 1a tuyén tinh nén f(u + v) = f(u)+ f(v) = 0, tir
dosuyra u+vekerf.

Vi du: Xét khong gian V' cac véc to hinh hoc. Cho trudc mdt véc to
w €V, véi mdi mot véc to v €V ta xét anh xa f:V — R xac dinh boi
f(v) = ww (tich v6 hudng cua hai véc to u va v). Ching to rang f 1a anh xa
tuyén tinh va tim ker f.

Theo tinh chét caa tich vo hudng ta cé:

floy + ) = u(vy + vy) = woy + vy, = f(vy) + flw);

flaw) = u(av) = o(uv) = af(v)
Vay f 1a anh xa tuyén tinh. Bay gio ta di tim nhan cta anh xa f.

f(v) =0 < wv = 0 < cac véc to phai vuong goc voi véc to u da cho.
Vay ker f 1a tdp hgp moi véc to vudng goc vdi véc to u da cho.

Pinh Iy 1. Anh xq tuyén tinh f la don dnh khi va chi khi nhén cia f chi
chita phan tir khéng. f don anh < ker f = {0}

Tanhic lai anh xa f 1a don anh néu z = y thi f(z) = f(y).

Do d6 v&i v = 0 ta cd f(v) = f(0), nhung f(0) = 0 tlrc 1a v6i moi phan tir
v=0tacd f(v) =0, tasuyra v ¢ ker f, ker f chi chira phan tir khong.
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bao lai, gid su ker f = {0}. Goi u va v la cac phﬁn tir cia £ sao cho ta co
f(u) = f(v). Ta phai ching minh f 1a don anh tirc 1a phai chimg minh v = v.

That vay, do anh xa f 1a tuyén tinh nén: f(u —v) = f(u)— f(v) = 0.

Ta suy ra v —v € ker f. Nhung vi ker f ={0} nén v—v =0 tic la
u="0.

Vay f 1a don anh.

Pinh 1y 2. Gid sir f la mét anh xa tuyén tinh tir E vao F, nhdn cia f chi
chira phcfn twr khong. Khi do, néu vy, vs,...,v, la cdc vée to ddc lap z‘uyén tinh cua
E th f(v), f(v,),....f(v,) ciing ddc ldp tuyén tinh trong F . Nguwoc lai, tao dnh

cua mot hé doc ldp luon doc lap.

Chung minh: Gia su  ay,04,...,a, la  cidc s6 sao cho:

af(v) + aof(v,) + ... + a, f(v,) = 0. Ta phai ching minh
o =0 =...=a, =0 (xem dinh nghia hé véc to doc 1ap tuyén tinh & chuong
2).

Theo tinh tuyén tinh cta f ta cé: flagv, + ...+ a,v,) =0

Tt dinh nghia cua nhan f ta suyra: v + ... + a,v, € ker f

Theo gia thiét ker f =40} nén v, + ...+ a,v, =0

Vi v,0,...,v, doc 1dp tuyén tinh nén tr hé thuc trén ta suy ra
o =0y=..=q, =0.
Vay f(v), f(v,),..., f(v,) doc lap tuyén tinh trong F .
Nguoc lai: Gia s f(v,), f(v,),..., f(v,) ddc 1ap tuyén tinh trong F. Xét to hop
ap, +aw,+...4+av =0. Qua 4anh xa tuyén tinh [ ta co:
f(ozlvl—i—onvQ —l—...—l—anvn):0:>a1f<v1)+042f(1)2)+...—|—oznf(vn): 0. Do hé
f@), f(v,),..., f(v,) ddc lap tuyén tinh trong F néntacd o, =, =...=a, =0
hay h¢ v,,v,,...,v, doc lap tuyén tinh.

Pinh nghia 2. Anh ciia mét dnh xa tuyén tinh f la tdp hop cdc véc to
w € F sao cho ton tai phdn tir vE€ E dé f(v) = w. Ta ky hiéu anh cua f la
Im f.

Im f ={w,w € F:3v e E,fv)=w}.
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Ta co tap Im f la mot khong gian con cua F .
That vay, tap Im f khong rdng, n6 chira phan tir khong ( £(0) = 0).

Néu w,,w, € Im f thi ton tai v,,v, € ker f sao cho f(v,) = wy, f(v,) = w,.

Tu do: f(v, + v,) = f(vy) + f(v,) = wy + w,, t¥cla: wy +w, € Im f

Néu: w e Im f thi coé v € E, f(v) = w. Tir 46: f(aw) = af(v) = aw. Vay
aw € Im f

Dinh ly 3 (dinh Iy nhan - anh).

Gia st f 1a anh xa tuyén tinh tir khong gian véc to E vao khong gian véc to F'.
Néu s chiéu ctia E 13 n, s6 chiéu ctia nhan f 1a ¢ va sé chiéu ctia anh f 1a s
thitacd: n =q+s.

Noi cach khac: dim E = dimker f + dim Im f.

Churng minh: Gia st wy, w,,....,w, la mot co sé cua Im f . Khi d6 co6 cac
véc to vy, Uy,..., v, € E sao cho f(v) =w;,i=12...,5. Goi u,u,,...,u, la mjt
co sO cua ker f. Ta sé ching t6 hé véc to: v}, vs,...,v,, U, Uy, ..., u, 1ap thanh mot
cosocua E.

Vé6i v € E thi f(v) € Im f, ta biéu dién f(v) theo co s& wy, wy,....,w, cua
Im f:

f(v) = zw, + 2wy + ... + 0, =
= 1. f(n) + 2of (1) + ... + 2,f(v,) = f(z0) + 205 + ... + T,0,).
Tur: flv—zv — 20, —... — z,0,) =0, ta suy ra:
V— XU — Ty — ... — T,0, € ker f.
Ta biéu dién phén tir do cua ker f theo co s6 u;, uy,...,u, cua ker f:
V— TV — Ty — ... — TV, = YUy + Yoy + ... + Y, U,
hay: v = zyv; + 20y + ... + T, + YUy + Yotls + ...+ Y,
Hg cac VEC tO vy, V..., Uy, Uy, Uy, ..., U, 14 mt hé cAc phan ti sinh clia E .

Pé ching minh chung lap thanh mét co s ciia E ta chi con phai ching
minh chiing ddc lap tuyén tinh.

Xét t6 hop tuyén tinh:
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vy + Uy + .o+, + By + Boy + ...+ Biu, =0 (1)
Tac dong 4nh xa f vao nd va dé y téi tinh tuyén tinh cta f ta co:
Of1f(“1) + 052f(1)2) +...+ Oésf(%) + 51]0(“1) + 52f(u2) + ...+ @f(uq) =0

Vi uy, uy,...,u, € ker f nén f(u) = f(u,) =...= f(u,) =0,taco:

af(v) + ... + a,f(v,) = 0.
Thay w; = f(v;) vao h¢ thuc trén ta dugc:
aqw, + ... + a,w, =0
Vi wy, w,,....,w, 1a co s& nén chung doc lap tuyén tinh, do do ta suy ra:
=0 =..=aqa,=0 (2)
Thay vao (1) ta duoc: By, + Byuy + ...+ Bu, =0

Vi uy, u,...,u, 12 co sé nén chiing doc 14p tuyén tinh, tir hé thirc trén ta suy ra:

fi=p0=.=05=0 3)

Céc két qua (2), (3) ciing v6i (1) ching to cac véc to vy, vy, ..., Uy, Uy, Us, ..., u,
lap thanh mft co s& cua E. Dbitu @6 chimg to

dim F = s+ ¢ = dimker f + dim Im f.
Dinh 1y da duoc ching minh.
1.3 MA TRAN VA ANH XA TUYEN TiNH

11 Qrp yp
. ) Qo1 A op,

Cho ma tran A loai (m xn): A=
Ay G A,

Xét cac khong gian véc to R" va R™. Ta biéu dién cic véc to cia khong
gian d6 bang cac véc to cot. Vo1 moi1 v € R" ta xac dinh anh xa:

f:R" — R" xéc dinh bsi f(v) = Av

(khi nhan mot ma tran loai (m x n) v&i ma tran cot loai (n x 1) (d6 1a mot phan

tlr cia R"), ta dwgc mot ma tran cot loai (m x 1) (d6 1a mot phan tir cia R™)).

Bang phép tinh ma trn ta thdy rang anh xa f 1a tuyén tinh:
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Véi u,v € R” ta co: flu+v)=Au+v)=Au+ Av = f(u) + f(v);
Vi sd o ta co: flau) = Alau) = aAu = af(u)

Goi z,,y,...,x, la cac toa do cua véc to v trong R"; 4y, 9s,-..,¥,, 1a cac toa
do cua véc to f(v) trong R™ theo cac co so da chon trudce trong cac khong gian

d6 ta co thé viét biéu thirc f(v) = Av dudi dang ma tran:

h Q1 Qi ... Qg I

Yo Qo1 Qg ... Qo Ty
= X

ym a’ml a’m? ee amn xn

Nhu vy, cho mot ma tran A loai (m x n) ta c6 thé xac dinh duoc mot 4nh
xa tuyén tinh tir mot khong gian m — chiéu vao mot khong gian n — chiéu, anh
xa do dugc xac dinh bdi f(v) = Av, voi v 1a véc to cot thugc R". Ma tran A
duoc goi 1a ma trdn ciia dnh xa tuyén tinh f trong cdc co sé di chon cia R™ va
R™.

Nguoc lai, cho mdt anh xa tuyén tinh f: R" — R™ thita co thé tim dugc
ma tran cua anh xa do trong cac co s¢ da chon cua R" va R™.

Gia su: (e, e,,...,e,) la mot co sé cua R"; (f, f,..., [,) 1a mt co s& cua
R™.

Véive R" tacd: v=ume + T + ... + T,€,
Do f 14 anh xa tuyén tinh nén:
f(U) - f(xlel + L9y + + xnen) = xlf(el) + x?f(GQ) + + xnf(en) (4)
Vi f(e)), f(es),..., f(e,) 1a cac véc to thugc R™ nén ta c6 thé biéu dién chung
theo co s (fi, foy--vy [ :
f(el) = allﬁ + a’21fé + ...+ A1 Jm
f(ez) = pofi + apfo + oo+ Apaf

f(en) - alnfl + a?n.}g + + amn,fm

Thay céc gia tri vira nhan dugc vao vé phai cua (4) ta dugc:
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f(v) = (an®; + Ty + ... + alnxn)fl + (%15171 + g%y + ...+ ay,x,) fo +

(5)
+-- . + (a/mﬂEl + am2x2 + see + a’mnwn)fm

Mét khéC Vi f(’U) € Rm I'lél’l: f(’U) = ylfi + y2f2 + + ymﬁn (6)
Do f(v) dugc biéu dién mét cach duy nhét qua co s& (f, f,..., f,), nén tir
(%), (6) ta suy ra:
Y1 = 0Ty + Q% + ...+ AT,

Yo = ATy + ATy + ... + Gy, T,

ym = Gy + Q0T + + Ay Ty

C6 thé viét két qua trén dudi dang ma tran:

Uy ap;; A ... I
Yo Qo1 Qo Aoy, Lo
= X
ym aml am? (X amn xn

Y =AX

Ta da xac dinh duoc ma tran ctia anh xa do.

Nhu vdy, néu f 1a 4anh xa tuyén tinh tr R" viao R™ va (e,e,...,e,),
(f,, fos--s fn) 1an luot 14 cac co sé da cho ciia R" va R™ thi ma tran cila 4nh xa
f1a mot ma tran loai (m xn) cd céc phan tir nam trén cot thir j 1 cac toa do
ciia véc to f(e;) tinh theo co s& da cho cia R™.

Vidu: Goi P, 1a khong gian cac da thirc c6 bac khong vuogt qua n . Xét anh
xa f tu P, vao P, xac dinh boi f(v) =o' v6i v € Py va o' 1a dao ham cua v.

Nhu ta da biét anh xa doé 1a tuyén tinh. Ta tim ma trn cua né trong céc co
s z3,2% x,1 cia Py; 2% x,1 cia P,. Ta phai tim anh cta cac véc to co sd cua

P; trong P,.

Ta co:
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Vay ma tran ciia anh xa nay la: A =

o O W
S N O
— o O
o O O

1.4 MA TRAN CHUYEN CO SO
Gia st B ={e,...,e,} va B’ ={ef,...,e/,} 1a hai co sO trong cung mot
khong gian véc to E c6 sb chiéu 1a n.
Ta biéu dién cac véc to e/,..., e, theo cac véc to ctia co sd B
el = ape + ane + ... + aye,

!
€y = G196 + Q9€y + ... + Qy06,

(7)

[
€, = 01,6 + 5N + + Ay, €,

Dinh nghia: Ma tran:

all a12 see aln

a21 a22 see a12n
P =

Ay Qo cee Oy

ma cot tho j 1a cac toa do cua véc to e} theo co s¢ B duogc goi 1a ma tran
chuyén co so tir co s& B sang co sd B’.
Giastve L.
Goi zy, T,,..., T, la cac toa do cuia véc to v theo co s6 B
Goi z{,25,..., 2! 1a cac toa dd cuia n6 theo co so B’
Ta can tim cong thirc lién hé gitra hai toa do do.
n I n n / n n /
v=) wel = lengaijei =YD a;Tle; )
j=1 j=li= =1 j=1

Mt khac, biéu dién v theo co sd B ta co:
v = inei 9)
i=1

So sanh (8) va (9) ta duoc: 7, = S a,zl; i=12...,n
=1
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il Z
Ly T ,

bat X = X! = va P la ma tran chuyén ¢ trénta co: X = P.X' (10)
T, !

Ta cht ¥ rang & trén ta dd chuyén tir co s B sang co so B’. Khi d6 ma
tran chuyén 1a P va ta co cong thic (9). Ta ciing ¢ thé chuyén tir co s B/
sang co sO¢ B. Nhu vdy ma trdn P phdai la ma trdn kha nghich va ta co:
X'=P'X
VAy ma tran chuyén tir co s¢ B’ sang co s& B 1a ma tran nghich dao P~
Vi du 1: Xét hé toa d0 truc chuan Ozy trong mit phiang. Quay hé truc nay
mot goc o ta duge hé truc Oz'y’ . Lap cong thirc chuyén toa do tir hé Ozy sang
hé Oz'y' .
Goi e, e, 1a cac véc to don vi trén céc truc sb Oz, Oy;
el,e) 1a cac véc to don vi trén cac truc sé Oz, 0y, ta co:
e = e cosa + e, sin o

e =e cos(% +a)+ e Sin(% + ) = —e, cosa + e, sin a.

Vay ma tran chuyén tir hé Ozy sang Oz'y’ la:

[cos a —sin a]

sina cos«

/

x x!
Te X = PX' voi X :[y],X’ [ ] ta suy ra:

x =1’ cosa — y' sinq;
y=z'sina + y' cos .
Vi du 2: Cho khong gian R* vé6i co sd chinh tic:
e, = (1,0,0,0),e, = (0,1,0,0),e; = (0,0,1,0),e, = (0,0,0,1)
Ta xét mot co s¢ moi:

61’ = (0717171)7e£ = (1707]‘71)7e§ = (171707]‘)764/1 = (17]‘7170)

B6 mon KHCB 72 Gido trinh todn cao cap 1



Lap cong thuc chuyén tir cac toa d chinh tac z,,x,,z;,z, cia mot véc to
v € R* sang cac toa dd xz{, 25, x}, z} cia véc to do theo co s& mdi.

Ma tran chuyén co s& 1a ma trdn c6 cac cot la cac toa do cua cac véc to
e1,e’, el e} theo co so chinh tac. Ta co:

T 0 1 1 1™

Ty 1 0 1 1|z}

z| (11 0 1|a
Tt d6 suy ra:

T = Ty + xh + 1z}

Ty = @] + xb + 7]

v=a+a, 4

x, = + )+ 2}

1.5 MA TRAN CUA ANH XA TUYEN TiNH KHI CHUYEN CO SO

Cho 4nh xa tuyén tinh f: E — E, A 13 ma trin cua 4nh xa f ddi v6i co so
B cua E. P la ma tran chuyén tur co SO
B ={e,,...,e,} sang cas6é B’ = {e],...,e,}. Khi d6 ma trdn cua anh xa f trong
cosd B’ séla A’. Ta tim mdi lién hé giita A va A’.

Dang ma trin cta anh xa f ddi véicosd B la: Y = AX

dbivoicoso B la: Y/ = A’ X/ (11)
Vi P 14 ma tran chuyén tir co s¢' B sang co s& B’ nén:
X =PXY =PY'
Tr do ta co:
PY' =Y = AX = APX':
ta suy ra: Y'= P 'PY' = P'APX'.
So sanh véi (11) ta duwge: A’ = P'AP.

Ta di t6i két qua sau:
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Pinh Iy: Néu A va A’ la hai ma trdn cia mét dnh xa tuyén tinh f tir
khéong gian E vdo chinh né doi véi hai co sé B va B', va néu P la ma trdn
chuyén tir co' sé B sang co sé B thi: A/ = P~'AP

Pinh nghia: Hai ma tran A va A'sao cho co mot ma tran kha nghich P
thod man hé thirc A' = PAP duwoc goi la hai ma trin dong dang.

Nhu vay, cdc ma trgn cua cung mot anh xa tuyén tinh f tir E vao chinh no
trong cdc co sé khdc nhau thi dong dang véi nhau.

Vi du: Xét anh xa tuyén tinh tir R® vao chinh né duoc cho bdi ma trén:

A=

S =
—_ O =
—_ = O

d6i voi co sd chinh tic trong R?, e, = (1,0,0), e, = (0,1,0), e; = (0,0,1)

Phép chuyén sang co s méi B’ duge cho boi:
€] = e + 2 + e
e, = 2e, + e, + 3e;
el =e +e +e
Tim ma trin A’ cua 4nh xa theo co s& mdi va cho biéu dién cta anh xa dé
theo toa do trong B’

Ma tran chuyén tir co s& chinh tac sang co s¢ B’ la:

1 21 -2 1 1
P=(2 1 1|.TacoP'=|-1 0 1
1 31 5 -1 -3

1 3 0

Tudo: A/ =P'AP=|0 1 0

4 -2 2

Biéu thirc ciia anh xa tuyén tinh trong co s¢ B’ 1a:
yl = o + 313
Y=AX" & {y) =}
yh = 4x] — 2z} + 22}
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Chii y: Anh xa tuyén tinh tir khong gian véc to E vao chinh nd con duoc
goi 1a phép bién ddi tuyén tinh. Mot s6 phép bién hinh ma chung ta d3 duoc hoc
& chuong trinh trung hoc nhu phép quay mot diém xung quanh gbc O mot goc
o, phép vi tu tAm O ty s6 k, phép ddi xtng qua mot truc toa dg,...déu 1a cac
phép bién dbi tuyén tinh.

Chang han, cac ma tran cia phép quay mot diém xung quang gbc O mot
goc o va cta phép dbi ximg qua truc Oy 1an luot 1a:

-1 0
0 1

sina  Ccos«

cosa —sin a]
;

§2. GIA TRI RIENG VA VEC TO RIENG
2.1 PINH NGHIA

Gia sir f 1a mot 4nh xa tuyén tinh tir khong gian véc to E vao chinh nd
(phép bién dbi tuyén tinh). Ta di tim cdc véc to v € E sao cho f(v) ty Ié vdi v,
tirc 12 tim v sao cho ¢6 s6 A dé f(v) = v

Do f(v) = 0 nén véc to 0 ludn ludn co tinh chat ay, vi vat ta chi di tim cac
véc to khac khong.

Dinh nghia: Mot véc to khac khong v € E duoc goi la véc to riéng cua anh
xa f tir khéng gian E vio chinh né néu ton tai sé A (thuc hodc phirc) sao cho
f(v) = M. S6 \ dwoc goi la gid tri riéng lién két véi véc to riéng v.

Vi du Xét phép bién dd6i tuyén tinh trong R? xac dinh boi:
F(@1,m5) = (9,2,). Tacd f(1,1) = (1,1) = 1(1,1) nén s6 1 1a gia tri riéng Gmg v&i
véc to riéng v, = (1,1). Ta ciing ¢6: f(I,—1) = (—1,1) = —1(1,—1) nénsd —1 Ia
mot gia trj riéng ng vai véc to riéng v, = (1,—1).

Ta chu ¥ rang phép bién do6i tuyén tinh f(z,,7,) = (2,,2,) noi trén chinh 1a
phép ddi xtmg qua duong phan gidc y = z. Nhitng véc to nam trén truc dbi
xtng sé& c6 anh 1a chinh chung, cac véc to vudng goc véi truc ddi xing s& c6 anh
1a cac véc to doi cua ching.

Nhan xét:

a, Gid tri riéng X\ ing véi véc to riéng v la duy nhat.

That vay, néu véc to riéng v c6 hai gia tri riéng 13 X va 7 thi:
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f(w) = Avva f(v) = nv

M=n& A—nv=0dov=0nén A =1

b, Trdi lai, mét gid tri riéng co thé lién két véi nhiéu véc to riéng.

That vay, néu A 1a mot gia tri riéng lién két voi véc to v thi f(v) = \v

Gia sir k& 1a mot s6 khac khong, do anh xa f 1a tuyén tinh ta co:

f(kv) = kf(v) = k(Av) = A(kv)

diéu d6 chimg to6 kv ciing 1a véc to riéng Gmg véi gi tri riéng \
2.2 PA THUC PAC TRUNG

Cho phép bién do6i tuyén tinh f: E — F. Gia st A 1a ma trdn cua phép
bién ddi d6 theo co sd e, e, ...,e,. Ta ky hiéu véc to riéng v € E duéi dang ma
tran c6t X thi dang ma tran cia biéu thirc f(v) = v sé la:

AX =XX hay A— X)X =0 (12)

Trong d6 I 1a ma trin don vi cing cap véi ma tran A.
Ta duoc mot hé n phwong trinh tuyén tinh thuan nhét.
Theo quy tac Cramer, néu det(4 — X\I) = 0 thi hé c6 nghiém tim thuong duy
nhat X = 0.
Vay dé hé (12) c6 nghiém khac khong thi can va da 1a: det(A — \I) =0
Cac gia tri riéng Acua ma tran A hay cua anh xa f la cac nghiém ctua phuong
trinh: det(A —A) =0 (12”)

Pinh nghia: Dinh thirc det(A — \I) la mét da thire bdc n doi véi \. Ta

goi no la da thirc dac trung cua ma tran A; phuong trinh (12°) la phwong
trinh dic trung cua A (hay cua anh xa f).

6 2

9 3" Hay tim cac

Vi du 1. Cho 4nh xa f: R?> — R? bdi ma tran: A = [

gia tri riéng va véc to riéng cua no.
Ta c6 phuong trinh ddc trung:
6—-A 2

det(A-AD=|

—(6-NB-A)—4=X -9\ +14=0
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Giai phuong trinh bac hai d6i véi \ ta duge: \, =20 =7

Pé tim véc to riéng lién két voi gia tri riéng A, = 2 ta giai hé thuan nhét:

(A-N)X =0
/ . 4X1 + 2.',U2 == 0
tac la: % 4w =0

Hé d6 twong duwong voi phwong trinh: 2z, + 2, = 0. Co thé cho z, =1 khi d6

ta cO x, = —2. Véc to riéng ung vai gia tri riéng A =2 la v, = (1,—2)
Pé tim véc to riéng Gmg v4i tri riéng \, = 7 ta giai hé phuong trinh:

—:L'1 + 2.’1:2 - 0
2.’1;'1 — 4$2 — 0

H¢ tuong duong véi z; — 2z, = 0;choz, = 1thi suyra x; = 2
Véc toriéng ing véi A, =7 1a v, = (2,1)

Vidu 2. Tim cac gia tri riéng va véc to riéng cua ma tran:

Phuong trinh déc trung:
2—X -1 1
det(A=A)=| -1 2-X —=1[=(1-=-N[2-X1)*=-11=(1-X*B3=-X)=0
0 0 1-X
N6 c6 nghiém kép A\, =1 vanghiém don \; = 3

Ta xét phuong trinh (A — X)X =0

.rl - .7;2 + I3 - 0
Vé’l )\172 = 1 ta Cé —Il + .CUQ - 333 — 0
.T3 — 0

T dd 25, =0, cothécho 7, = 2, =1

Véc to riéng ng voi A\, =1 1a v, = (1,1,0)
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—:El—:EQ—f—:Eg = O

Vé,l )\3 — 3 ta Cé —:I?l — 332 — $3

T d6 25 = 0, cothé cho 7, = Lo, = —1
Véc to riéng g v4i Ay = 3 1a v, = (1,—1,0)
2.3 PUA MA TRAN VUONG VE DANG CHEO

Ta xét anh xa f tir £ vao chinh n6. Gia sir ma tran A cua anh xa c6 n tri
riéng thyc khac nhau. Ta s€ ching to trong truong hop do n véc to riéng ung
voi n tri riéng s€ 1ap thanh mot co sé cua F.

Pinh 1y: Gid sit f la mét anh xa tir khong gian n chiéu E vdo chinh né.
Néu cdc tri riéng M\, Xo,...,\, ciia [ doéi mot khdc nhau thi cdc véc to riéng

twong ung cua chung v,,v,,...,v, ldp thanh mot co so cua E'.

Churng minh: Do s0 chiéu cua E 1a n nén ta chi con phai chimg minh n
véc to vy, vy,...,v, doc 1ap tuyén tinh.

Gia str hang cua hé véc to v;,vy,...,v, 1a 7 véi r < n (tic 1a s6 véc to doc
1ap tuyén tinh 16n nhat ctia hé 1a 7). Khong mat tinh tong quat ta co thé gia thiét
d6 1a r véc to dau v, vy,...,v, . Khi d6 cac véc to con lai s& 1a t6 hop tuyén tinh

cua r véc to do: v, = v, + v, + ... + @0, (13)
Do f 14 4anh xa tuyén tinh nén:
f(n) = auf(v) + o f(vy) + ... + . f(v,)
Cac v, la cac véc to riéng nén f(v;) = \v;, ta co:
Ai1Ur 1 = QAU + XUy + ..o + A,
Thay v,., boi (13):
Al + vy + .o+ ) = Ny + oty + ..+ o\,
Tir d6: ay(My — A0y + oAy — M)y oo+ sy — Ao, = 0

Vi cac véc to vy, v,,...,v, dOc 1ap tuyén tinh va cac )\, d61 mdt khac nhau

néntasuyra: ¢y =y, =...=a, = 0.
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Thay vao (13) ta duoc v,,, = 0. Piéu nay mau thuan véi gia thiét v,,, 1a
véc to riéng. Mau thudn d6 xuat phat tir chd ta gia thiét » < n. Vay phai ¢
r=mn.

n véc to vy, v,,...,v, doc lap tuyén tinh ctia khong gian n chiéu E 1ap thanh

mot co s¢ cua khong gian d6. Pinh 1y da dugc ching minh.

Bay gio ta tim ma trdn cua anh xa tuyén tinh f theo co sé vy, v,...,v, 1a n
véc to riéng cuia khong gian do.

Do:
f(rul) — A1/01 = (>\1707"'70)
f(vy) = Avy = (0, N,...,0)

Ma tran cua anh xa la ma tran chéo:

N 0 .. 0
0 X% .. O
D =
0 0 .. A\

Trong trudng hop ndy ta ndi ma trdn cia dnh xa tuyén tinh A da dwoc
chéo hod. Nhu vy muén chéo hod mét ma trgn A ta phdi ldy mét co sé ciia
khéng gian E gom n véc to doc lap tuyén tinh ciia ma trn do.

Néu P la ma tran chuyén tir co s& e, e,,...,€, sang co sO vy, v,,...,v, cua
khong gian E thitheo 1.4taco: D= P 'AP

Nhu vay, moi ma trgn vuong cap n A co n gia tri riéng khdac nhau ting
doi thi dong dang voi ma trdn chéo D co cdc phan tir nam trén dwong chéo
chinh la cac gia tri riéng cua A.

Vi du: Hiy chéo hoda ma tran A va tim ma tran chuyén P .

1 4
A=12 0 —4
-1 1 5

Da thirc dac trung:
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1-X 1 4
det(A—AD)=| 2 -\ —4|[=1-NA-2)A-3)=0
—1 1 5-—AX

Ma tran A c6 3 gia tri riéng phan biét: A, = 1L\, =2,A3 = 3

Ma tran chéo phai tim la:

[
S N O
w O O

D¢ tim ma tran chuyén ta phai tim cac véc to ri€ng ing voi cac gia tri riéng do.

:1:2 + 4:1:3 = 0
Véi N =1taco {2z, —x,—4z; = 0= =02, =—4x;, X5tuyy
-, +x,+4x; = 0
Chon z; =1 tasuyra z, = —4

Véc to riéng iung voi A =1 1a v, = (0,—4,1)

-1, + 2, +4z; = 0
V(,)’l )\2:2taCé 2.%1_2.12_4.%3 — 0:>$3:0,$1:$2:1
—I +x2 +3x3 = 0

Véc to riéng ung véi A, =2 la v, = (1,1,0)

-2, + 2, +423 = 0
Vé’l )\3 — Bta Cé 21’1 - 3.7}2 - 4.7}3 0 = :I/'Q — 0, l’l — 2:1/'3
_'/1;1 + .7;2 + 2./];3 — 0

Cho z; =1tasuyra z; =2
Véc to riéng ung voi \; = 3 la vy = (2,0,1)

Ma trén chuyén P la ma tran c6 cac cot 1a toa d0 ctia cac véc to riéng v;, vy, vg

0
P=|14
-1

e R S
=

néu tinh ma tran nghich déo cua P ta co6:
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C6 thé nghiém lai rang: D = P'AP

Chu y: Piéu kién da thire dic trung bac n c¢6 n nghiém phan biét chi la
mot diéu kién du dé chéo hod mot ma tran. Trong trudng hop da thire dic trung
c6 nghiém bodi nguoi ta dd chimg minh duoc ring néu van tim duge n véc to
riéng doc 1ap tuyén tinh thi ta van c6 thé chéo hoa dugc ma tran A.

2.4 CHEO HOA TRUC GIAO

1. Khong gian véi tich vo hudng

Trong khong gian R" cho hai véc to u = (2, Z5,...,2,); v = (Y1, Yoy, Yy)
Pinh nghia: Tich vé huong cia hai véc to u va v, ky hiéu la v la mot sé
thuec:

UV = LY, + TolYy + ... + 2,0,
D¢ dai hay chudn ciia mot véc to u 1a: Il = vau
Hai véc to u, v 14 truec giao néu uo = 0
Hai véc to u,v 1a truc chuan néu ching tryc giao va c6 do dai béng don vi
wo = O;liull = il = 1

Vi du: Céc véc to cla co s chinh tic trong R®:
e, = (1,0,0),e, = (0,1,0),e; = (0,0,1) 1a cac véc to truc chuan.

Ta chl ¥ rang tap cac véc to truc chuan trong R” 1a doc 1ap tuyén tinh.

That vay, gia st v}, v,,...,v, 1a cac véc to tryc chuan. Ta co:

iami =0& (; ozivz-).’uj =0& Z%’Uﬂj + avv; =0 (14)

1=]
Do cac véc to v; true giao nén vv; = 0 vOi 1 = j
Do cac véc to v; tryc chudnnén vv; =1 voi i = j

Tu (14)tasuyra: a;.1=0=a; =0
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Lan luot cho j cac gia tri 1,2,...,n ta s€ c6 moi a; = 0. Di€u do chimg t6 cac
véc to vy, vy,...,v, doc 1ap tuyén tinh.

2. Chéo hoa truc giao

Pinh nghia: Neu ma tran A co n véc to riéng truc chuan thi viéc chéo
hod ma tran A dwoc goi la chéo hod truc giao.

Trong truong hop d6 ma tran chuyén tir co so {e,e,,...,e,} sang co so
{v, vy,...,v,} s€ thod man diéu kién:

0 khi 1=j
VU

_ 1
TN ki o= (15)

Ta c6 thé coi cOt v, cua ma trdn chuyén P 1a hang th ¢ cia ma trin
chuyén vi P’ nén tich vo huéng v,v; chinh 1a phan tir & vi tri (i, §) ctia ma tran
tich P'P . Do (15) ta thiy rang ma tran tich c6 cac phan tir nim trén duong chéo
chinh bang 1 con cac phan tir khac bang khong, d6 1a ma tran don vi.

Vaytaco: PP =1

Mit khactaco: P~'P =1 tasuyra: P' = P!

Pinh nghia: Ma trgn P co tinh chat: chuyén Vi no ta dwoc ma tran nghich
dao, dwoc goi la ma trdn truc giao.

cos  -Sino
Vidu: Ma tran P =

. 1a truc giao vi:
sina cosa

— P—l

cosa sin«o
P! =

—sina  cosa

Gia st A 1a ma tran chéo hoa truc giao dugc.
Khi d6 ton tai ma tran tryc giao P dé: D = P 'AP
Tuw d6 suyra: A= PDP~' = PDP!
Theo tinh chat chuyén vi ctia ma trn tich ta co:
At = (PDP") = (P")D'P" = PDP' = A
Piéu d6 c6 nghia 1a ma tran A phai la ma tran d6i xtng.

Nhu vay, néu ma trdn A co thé chéo hoa truc giao dwoc thi no phdi la ma
tran doi xiurng.
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Ta thtra nhan rang, nguoc lai néu ma tran A 1a ma tran doi xung thi no
chéo hoa truc giao dugc.

Dé minh hoa di€u d6 ta xét ma tran sau:

7T =2 0
A=|-2 6 -2
0 -2 5

N6 12 ma tran d6i xtmg. Phuong trinh dic trung:
T—X =2 0
det(A—X)=| -2 6-—X —=2[=X—18\?4+99\ —162=0.
0 -2 H-=A

Taco3tririeng \ = 3\ =6,)3 = 9.
Céc véc to riéng ung voi cac tri riéng do la:
v =(1,22),v, =21-2),v; = (—2,2,—1)
Ta co: v,v, = v = vy, = 0, cac véc to do tryc giao. Bay gio ta chuan
hoa chung (ttrc 1a dwa cac véc to d6 vé cac véc to don vi).

_ b _ 122 _ % _ 21 =2 Y (=22 =1
Ry Rk S S AN A £ S AN Y R RE AR

Ma tran chuyén tir co s¢ chinh tac sang co s¢ gdm cac véc to truc chuan
Vi, Vs, Vs la:

LoD oo Lol
Wl— ol

Dé dang kiém chtng rang P'P =T .

Ma tran chéohoacua A 1la D =

o O W
o o O
o O O
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BAI TAP
5.1 Trong cac 4nh xa f : R® — R sau day, 4nh xa nao 13 tuyén tinh?
a) f(z,y,2) = 3z + 2y — 5z;
b) f(2,y,2) = 5z — 3y;
¢) f(z,y,2) =10z + 4y — 3z + 1

b
a

5.3 C 1a khong gian véc to cac sd phtrc. Xét anh xa f: C — C xac dinh boi
Véi z =z + iy € C; tacd f(2) = (a + bi)z, a,b 1a cic s6 thuc . Chimg to rang f

la anh xa tuyén tinh va tim ma tran ctia anh xa do.
5.4 Trong khong gian véc to R* cho co s¢ A = {(— 1, 1),(1,—1)}. Trong khong
gian véc to R* cho coso B = {(O, 1,1),(1,0,1),(L1, O)} Hay tim ma tran cua anh
xa tuyén tinh f: R? — R® xac dinh nhu sau:

a) f(,y) = (%,9,7 + ¥);

b) f(z,y) = (0,2 + y,z — V)
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5.8 Ta xét mot anh xa f: R* — R* cho tuong (mg mdi phan tir (z,4,21) cua
R* voi phén tir (z + 5,y — 2,2 + ) cia R*. Ching to rang f 1a 4nh xa tuyén

tinh. Tim mot co s cua Kerf vacua Im f.

5.9 Tim cac tri riéng va cac véc to riéng ciia cac ma tran sau:

1 -2 1 1 4
12 0 —4f

-1 1 5

W = =
—_ Ut =
—_ =W

5.10 Tim cac tri riéng va cac véc to riéng ciia phép bién do6i tuyén tinh trong R?
' = br + 4y

duoc cho boi:
y' =8z + 9y

5.11 Tim tri riéng va véc to riéng cua phép quay trong khong gian xung quanh

truc Oz mot goc %

5.12 Pua cac ma tran sau v€ dang chéo va tim ma tran chuyén:
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2 2 2 1 -1 -1

2 4 2702 ; -1 1 -1
2 22 1 -1 -1 1
210
5.13 Chung t6 rang ta khong chéo hoa duge ma tran: [0 1 1
0 2 4

5.14 Ching t6 rang cac ma tran dong dang c6 cuing phuong trinh dic trung.
5.15 C6 thé chéo hoa truc giao cac ma tran sau duoc khong? Néu dugc hiy tim
5 4 1 2 —4
4 5 2 =2 =2
—4 -2 1

ma tran chuyén tuong tng:
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